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In this proposal, we present an experimental setup based on superconducting circuits and Joseph-
son junctions to explore the modification of Josephson coefficient in the presence of external magnetic
field due to vacuum polarization of quantum electrodynamics. This robust experiment can be con-
sidered as one of the few possible chances to observe the fine quantum field theory corrections in the
low energy regimes in condensed matter systems. It can also be a new check for the universality of
Josephson constant which is important in metrology. We will expect the signal to noise ratio of the
read-out signal to increases quadratically by running time of the experiment. This characteristic of
the output signal the will guarantee the feasibility of measurements with desired precision
I. INTRODUCTION
Superconductivity is one of the most interesting macro-
scopic quantum phenomenon which provides a window
to observe quantum mechanical behaviors in a classical
scales. As an example, we can observe the tunneling ef-
fect by considering two piece of superconductor located
on two sides of one insulator as a barrier. If we apply
fixed voltage across them, the tunneling of wave func-
tions of Cooper pairs in each sides provides a current of
charge across the barrier which is known as AC Joseph-
son effect. It has been observed [1] applying constant
voltage V across the junction creates alternating current
with frequency f , which is linearly related to V,
ν = KjV =
2e
h
V. (1)
Josephson effect and Quantum Hall effect are two well
know phenomena in condensed matter physics that are
robust against any perturbation due to their gauge invari-
ance property. It is now generally accepted that Joseph-
son Constant, Kj = 484 GHz/mV, is invariant under the
design of junction with very high accuracy [8][9]. Joseph-
son constant in the recent decades has been considered
as a precise constant for metrology and a standard way
to measuring voltages[12].
Application of superconducting circuits in high precise
measurement has been developed for decades and today
detection of very small electromagnetics flux by super-
conducting quantum interference device (SQUID) is a
routine work and counting the number of charged particle
leaving a typical superconducting island is under control
[5]. Beside the normal application of superconducting de-
vices for measurement of small Electromagnetic flux and
it’s application in industry and medicine, gauge invari-
ance properties of some quantities in superconductivity
let us to measure some fundamental parameters. The
most accurate measurement of Planck constant is based
on the Josephson constant and quantum Hall coefficient(
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is called Von Klitizing constant: Rk = h/e
2). Histori-
cally the Josephson junction played the role on some new
measurement of quantum electrodynamic (QED) con-
stants with high precision [11] such as the measurement
of the fine structure constant, α = e
2
4pi0~c in the scale of∼ 500Kev[11] [? ]
In this proposal we introduce new set up to measure
vacuum polarization of quantum electrodynamics and it’s
affect on Josephson Coefficient. We expect the electric
charge of electron in Josephson constant becomes the
function of external magnetic filed due to QED correc-
tions:
e(B) = e0[1 + B
2 +O(2)].
In the condensed matter physics electrodynamics inter-
action play the mains role and in the context of quantum
field theory photon is propagator if force and charge of
electron describes coupling of interaction. According to
quantum field theory, the propagator which caring the
force between two interacting particle, is not necessarily
simple and it is possible to have many virtual loops in
Feynman diagram of process. In the quantum electro-
dynamic (QED) interactions, the virtual photon which
connect two charge fermion particle such as two electron
can has a virtual fermion loop. If we estimate the whole
loop we obtain renormalized propagator of photon. This
phenomena called vacuum polarization or photon self-
energy.
Introducing vacuum polarization in quantum elec-
trodynamics causes nonlinear phenomena. As a re-
sult of pair creation, the physical vacuum becomes a
medium with dielectric properties and therefore the elec-
tric charge of electron make a dependency on field
strength and characteristic momentum transfer.
Finding the trace of vacuum polarization inn the con-
densed matter systems is quite hard and amount of mod-
ification in the most cases is so tiny that it cannot be
seen from background noises. The relativistic nature of
quantum electrodynamics implies this effect becomes im-
portant in very strong field and high energy process.
Quantum hall effect and Ac Josephson effect are two
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2phenomena that are robust against any external pertur-
bation because of the gauge invariance property and they
are on of few candidates to . In quantum hall effect the
Johnoson-Nyquist noise limits us to see fine corrections
and it seems there is no quite chance to see novel effects.
In the other hands precise experiments are available by
superconducting materials. In this paper show how this
idea can works.
II. EFFECTIVE ELECTRIC CHARGE IN
PRESENCE OF EXTERNAL MAGNETIC FIELD
In quantum electrodynamics, photon as a gauge boson
is a carrier of the electromagnetic force. A simple interac-
tion of two electrons in theory of QED can be illustrated
via Feynman diagrams similar to in Fig.1. According to
quantum field theory vacuum between interacting par-
ticles are not merely empty. There is a possibility that
photon creates a short-lived virtual particle-anti parti-
cle, Fig.2. The vacuum of quantum electrodynamics is
affected by the whole contribution of these pair produc-
tion and annihilation, and this phenomena which is called
vacuum polarization or self-energy of a photon can influ-
ence the distribution of charges and effective forces that
particles are feeling. It can be compared with polariza-
tion in dielectrics.
q
γ
e−
e+
e−
e+
FIG. 1. Feynman diagram to illustrating the simplest in-
teraction between two charged particle in theory of quantum
electrodynamics. The virtual photon (wavy line) carries elec-
tromagnetic force between two charge particle( here two elec-
trons).
q
FIG. 2. First order corrections to interaction forces be-
tween two charged particle obtains by considering one loop (
fermion- anti fermion creation and annihilation) in photon’s
propagation path. In this paper, we want to study affects of
this loops and their correction in superconducting circuits.
If we denote the momentum of virtual photon in Feyn-
man diagram by q, then the photon’s propagator for di-
agram in Fig.1 will given by iGµν = − gµνq2 .The modified
and dressed propagator up to be one loop level in Feyn-
man gauge given by:
iGµν = −igµν
q2
+
−igµρ
q2
[i(q2gρσ−qρqσ)iΠ(q2)]−igσν
q2
(2)
where Π(q2) is a mathematical regularization function
and incoming electrons with higher momentum leads to
higher order correction.
It has been long studied that the vacuum of quan-
tum electrodynamics in presence of external electromag-
netic field would be modified[3][4]. Calculations show [9]
the modified vacuum polarization tensor due to magnetic
field in low energy regime, q → 0 yeilds to
δΠµν(q)= − α
45pi
(
~eB
c2m2
)[2(gµνq
2 − qµqν) (3)
−7(gµνq2 − qµqν)‖ + 4(gµνq2 − qµqν)⊥]
The renormalization of electrical charge is relate to δe ∝
Πµν(q)/q
2|q2 → 0. This correction can be easily find
from modified Coulomb potential [9]:
VC(r)= e
2
∫
d3q
(2pi)3
e−iq·r
q2
(1− δΠ00(q)
q2
) (4)
=
α
|r| [1 +
α
pi
(
~eB
c2m2
)2(
2
45
− 7
90
sin θ2)],
The above equation implies effective electric charge in
presence of external fix magnetic field is
eeff = e0[1 +
1
45
α
pi
(
~eB
c2m2
)2 +O(α2)] (5)
as we can see from above equation, the effective elec-
trical charge will change in presence of electromagnetic
field from e to eeff. To see affect of this modification on
Josephson coefficient we just need to recall that phase
difference between two random point x1 and x2 in pres-
ence of magnetic potential Aµ given by [11]
∆φ= ∆φ(B,Aµ = 0)− 1
h
∫ x2
x1
2eeffA · dx (6)
= ∆φ(B,Aµ = 0)− 2eeff
h
∆V,
therefore if we define the bare KJ as KJ := 2e/h, then
in general KJ will change to
KJ(B)= KJ [1 +
1
45
α
pi
(
~eB
c2m2
)2] (7)
= KJ [1 +
α
45pi
(
B
B0
)2]
where B0 ∼ 109T is a critical magnetic field that QED
correction can not be ignored at all.
3Despite the very small correction we get for Joseph-
son constant, and by considering that applied magnetic
field to junctions are limited by other phenomena, We
will show in the following sections that this correction
and effect is measurable due to robustness of of super-
conducting circuits.
III. MEASURING THE VACUUM
POLARIZATION
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FIG. 3. The sketch of proposed setup. Two Josephson junc-
tion has been located in superconducting loop. on/off magnet
has been provided to influence left Josephson junction with
strong magnetic field. Microwave radiates to both junctions
and the different induced voltage makes a net current which
increase by time linearly. the passed current from input coil
provides magnetic field and flux. DC-SQUID setup has been
designed to detect value of magnetic flux precisely. The main
element should be located in liquid helium around 4 Kelvin
for decreasing any source of noise.
Shortly after discovery of Josephson effects [10], many
research groups planned to test the universality of this
effect. As it has been proved, this effect is independent
of type of junction with very high accuracy. The special
setup which J.Clarke proposed in early 1960[7] approved
this relation with accuracy up to 10−8 and further exper-
iments, such as Tsai, Jain and Lukens in early 1980[8]
based on Clarke’s experiment, improved the accuracy up
to 10−19 by the technology of two decades ago.
This successful set up can inspire and help us to mea-
sure vacuum polarization of QED in presence of magnetic
field. Our proposed set up has be shown in Fig.1. There
is a junction loop which the left junction is located at
local magnetic field and the other one in not affected by
extra magnetic field. According to above arguments, the
Josephson constant, KJ := 2e/~ is different for this two
junctions. If we put the junctions on external radiation
with frequency ν the relation of between voltage differ-
ence across the junction of left and right and frequency
will given by
VL,R = nsνΦ0,L,R = nsν
h
2eL,R
(8)
In order to obtaining the behavior of the main circuit,
we write the relation between flux as following:
Φ0,L
2pi
θL − Φ0,R
2pi
θR + LI + Φext = mΦ0 (9)
where θi is the junction phase. Variation of the above
equation respect to time yields to
L
dI
dt
= ∆V = nν(
1
KLj
− 1
KRJ
) (10)
' V 1
45
α
pi
(
~eB
c2m2
)2 = V × 10−24( B
0.1T
)2 (11)
this very simple equation shows that the current of the
circuit grows linearly by time,
IRead-out ∝ e
4~
c5me4
t (12)
Estimating the created flux with current loop by SQUID
can help us to measure the effect of vacuum polarization
by calculating the slope on linear line.
In the next section we discuses how to deal with tiny
amount of voltage and current to have safe and precise
measurement of this novel phenomena.
IV. DESIGN OF THE JUNCTIONS
The amount of correction that we are looking for is
related to projected magnetic field, B, quadratically. On
the other hand increasing the magnetic field deform the
property of junction and we don’t have emphases on in-
creasing amount of magnetic field because it causes unex-
pected behavior from superconducting materials. How-
ever, the effect of correction on the output of circuit can
increase by good junction design. for example array of
Josephson junctions instead of single one can increase the
net current linearly by number of series junctions.
Selecting superconducting type II allow us to use mag-
netic field by mean value around 0.1T safely.
4FIG. 4. Fraunhofer pattern and a simple sketch of the
Josephson junction and direction of the external magnetic
field. The current density across the border junction changes
due to external magnetic field, but that doesn’t affect the cal-
culate result because of the net current
∫
Jdx = I is impor-
tant in Ac Josephson effect. The maximum current (critical
current) that can pass through the junction is a function of
magnetic field. This upper bound is much higher that level
of current we will dealing in this experiment for few hours
running time. Picture taken from [12]
We can use a typical electromagnetic radiation with
frequency of f ∼ 16GHz in 10th step, and this radia-
tion provide suitable net voltage of V ∼ 300µV across
junction.
The inductance value of the junction loop depends on
many factor, but typical value can be considered near to
L ∼ 1nH. By this parameters, current loop versus time
due to vacuum polarization given by
I(A) ∼ 1.3 fA× [ (
f
16GHz )(
#of junction
1 )(
B
0.1T )
2 × ( TcHour )
L
1nH
]
It’s important to notice that existence of external mag-
netic decrease critical current according to Josephson-
Franhufer pattern [6].
If we consider the Josephson junction with barrier
thickness d, width of strip line of each pair with L, and
penetration depth with λ, then critical current will given
by
Ic(B) ∼ 14.7 µA× [
IcB=0
900µA
( B0.1T )(
L
1µm )(
λ
200nm )
].
This amount of critical current is very high in compare
with typical current we expect from doing experiment
and we need to run experiment consciously around one
year to catch that current. Therefore we do not need to
be worry about higher bound on current due to existence
of external magnetic field.
V. SQUID AS A DETECTOR
The Superconducting quantum interference device
(SQUID) is a very sensitive magnetometer which can
be constructed by two or one Josephson junction. DC-
SQUID is built from two Josephson junction on one con-
ducting loop, and it can measure the magnetic field up
to 5 × 10−18T and the low noise measurement of order
Femto-Tesla is accessible in common research laborato-
ries. The SQUID is one of the best detector of our small
current in designed circuit. We can joint the main super-
conducting loop to SQUID loop by two pickup coil, as it
has illustrated in Fig.2.
The loop currents creates the magnetic flux that can
estimated for circular loop with radius R ∼ 10cm and
L ∼ 1nH as a following
Φ(Tc) = 1 mΦ0×( Tc
7 Hour
)(
f
483GHz
)(
#of junc.
1
)(
B
0.3T
)2
this amount of flux is in completely in feasible range of
detection and it increases linearly by time. Now days
precision for magnetic flux is around µΦ0. Also the mag-
netic field inside the provided coil can be reach to 3nT
after around three hour experiment. it’s useful to com-
pare this value with the human brains magnetic field is of
order 10−13T and magnetic field of heart which is around
10−13T . Also The magnetometer of Gravity-Probe-B
which constructed by SQUID, were sensitive to 10−18T ,
and the effective threshold for SQUIDs with current tech-
nology is around 10−15T .
VI. NOISE REDUCTION
In this section, we would like to show an advantage of
signal processing and statistical analysis on the improve-
ment of signal to noise ratio in our experiment. The key
ingredient is that we have this ability to On and Off our
observables and that profoundly helps us to remove many
kinds of possible errors in our setup.
We can consider two kind of signal. The first one is
the output of the circuit when external magnetic field
has been applied to junction and the second one is the
readout with zero external magnetic filed,
X1 = SB=Bˆ +N1
X2 = SB=0 +N2′ := N2 (13)
Our expectation from SB , based on our theoretical cal-
culations is a linear function in term of time and sim-
ilar to any experiment in a real laboratory we should
deal with noises were the sum of all kind of them had
5been denoted by N above. Modeling of noise is gen-
eral depends on setup details but the major contribution
of noises are thermal noises, and a stationary random
process can model them. In practice, most of the ran-
dom data that representing stationary physical phenom-
ena are ergodic. This assumption and related facts help
us to extract a useful date from observed results of in the
limited number of experiments.
If we measure a time series of stochastic process denot-
ing by {Y(t)} over specific period of time, 0 ≤ t ≤ T then
the associated expectation value of that random variable
define by
E[Y] = 1
T
∫ T
0
Y(t)dt (14)
Auto-correlation and Cross-Correlation are another
useful quantities, which can be define based on two ran-
dom variable Y and X ,
RYY [τ ] = E[Y(t)Y(t+ τ)]
RXY [τ ] = E[X (t)Y(t+ τ)] (15)
Finally, the power spectral density of signal define by
Fourier transform of correlations are very useful quanti-
ties as well:
PXY [f ] =
∫ ∞
−∞
RXY [τ ]e−j2pifτdτ (16)
These definitions give us the great skills to extract our
real signal from background noises. We now show how
signal processing can remarkably increase the signal to
noise ration in our proposed experiment.
According to Eq.13-16,
PX1X1 = PSS + PN1N1
PX2X2 = PN2N2
PX1X2 = PSS
(17)
As we can see we can mind the power spectral density
of our original signal from background noise by taking
cross correlation.
It is useful to calculate the Signal to noise ratio of
our signals in this experiment. let’s start with studying
power spectrum and Fourier transform of correlations:
If we represent the read out signal of the experiment
by S(t), it is linear in time:
S(t) = Λt, 0 ≤ t ≤ Tc (18)
This implies that cross correlation of S(t) can given by
RSS [τ ] = −Λ
2
6
[2(Tc − τ)2(2Tc + τ)θ(Tc − τ)
− (4T 3c − 6T 2c τ + τ3)θ(2Tc − τ)− τ3θ(−τ)]
(19)
similarly, power spectrum density of signal will be
PSS(f) = 4
∫ ∞
0
RSS [τ ] cos(2pifτ)dτ
=
Λ2
4pi4f4
(1 + (1− 4f2pi2T 2c ) cos(2pifTc)
+ 4pifTc(− sin(2pifTc) + sin(4pifTc)− 2 cos(2pifTc)),
(20)
hence
PSS(f → 0) = T 4c Λ2. (21)
The calculation of noise power depends on models that
we consider for our noise. One of the most common noises
in electrical circuits is JohnsonNyquist noise. In Quan-
tum Hall effect experiment this noise which relates to
thermal fluctuations makes the situation hard for distin-
guishing physical phenomena from thermal noises. The
spectral density of this noise given by:
PNN = 4kBTR (22)
Where T represents the temperature in Kelvin and R is
a resistor of an effective path of the circuit. For room
temperature and resistance around 1KΩ we have√
PNN ' 4nV√
Hz
(23)
Now we can calculate the signl to noise ratio,
S
N
=
√PSS(f→0)√PNN = T
2
c Λ√
4kBTR
(24)
As we can see the SNR increases quadratically by a
time interval of measurement and that the most promis-
ing feature of this proposed experiment to discover the
fine structure of nature.
Numerical calculation shows for typical value that we
selected in previous sections we get :
SNR(Tc) ≈ 1.5× 10−7( Tc
Sec
)2 = 1.95(
Tc
Hour
)2 (25)
Which means after around 45 Min the singal power sur-
mount the noise power. After 10 hours, we will get
SNR ≈ 195 or 3σ.
VII. TECHNICAL NOTES
Physical parameters that we work in this experi-
ment are pretty hard to detect them in regular set ups
and therefore precision in measurement and finding the
sources of error is so crucial. Hopefully, in this experi-
ment we have this ability to run the experiment with two
modes, on and off an external magnetic field. Thus de-
creasing the outputs from these two methods statistically
delete systematical errors. The only remaining concern
is to find the noise source and making sure that signal to
noise remains reasonable. Here we count some of them:
6FIG. 5. Simulated power spectral density of different Sig-
nals for run time T = 10 hour. Recalling by definiton of
X1 = SB=Bˆ +N1 and X2 = SB=0 +N2′ := N2, We can Simu-
late the P(X1X1),P(X2X2),P(X2X1),P(SS)andP(N1N1) by
generating random noise and expected linear function. in-
creasing running time of experiment yields to asymptotically
merging of P(X1X2) and P(X1X1) to P(SS)(Purple line).
1. DC-bias can be anti-symmetric, and It can have a
drift by passing the time. Having symmetric cur-
rent source with accuracy 1 in 106 for measuring
the symmetric properties of current sources help us
to neglect this noise source possibly.
2. The frequency of microwave source should have no
drift during the experiment, and the drift should
be less than 100 Hz per day.
3. Attenuation of coaxial wire as waveguide should be
constant during the measurement. This radiation
drift can be a significant source of drift and error in
this experiment also it is necessary that the output
power should be constant
4. The most important issue that one should be care-
ful in concection of SQUID magnetometer to the
circuit. There is a thermoelectric voltage between
the cryostat and the SQUID probe and the thermo-
electric current flows through shell shielding of the
circuit. This source of error can significantly reduce
by reducing the distance between the cryostat and
the SQUID probe close to the SQUID body.
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